Haar Wavelet Analysis

Why Wavelets?

Wavelets were first applied in geophysics to analyze data from seismic
surveys, which are used in oil and mineral exploration to get “pictures” of
layering in subsurface rock.

In fact, mathematicians had developed them to solve some abstract

problems some twenty years earlier but had not anticipated their applications
in signal processing.

EﬁE;} | First arriuaIL l_T
i 1
:“ﬂmw~muw_’wmmw"‘%-”ﬁ”¢*“‘\ I ' I fw}' '“W':']“V !"ﬂ JbfL’Llllvt;“.'J]ll'aWhrﬂ"lﬂh'v1,‘u'||,‘ﬁ..'l]ﬂu.'ﬂIf!h'wuﬂ.ﬂﬁfw
|

T T ¥ T T T T T ¥ T T
4I:'r' 44 ELiy 5I2' 5--I|' b!F' aH" 1" L 14 '8 L I B A A Sl A & A o 1 o - S B i i

2011/1/3 Da-Chuan Cheng, PhD



Haar Wavelets

Wavelet can keep track of time and frequency information.

There are two functions that play a primary role in wavelet analysis, the
scaling function (I) (father wavelet) and the wavelet ¥/ (mother wavelet).

The simplest wavelet analysis is based on Haar scaling function.

y(f) mother wavelet f) scaling function
(wavelet function)
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Haar Wavelets

The Haar scaling function is defined as

(I)(x)z{l’ If0<x<l1

0, otherwise.

The Haar Wavelet's mother function is defined as  y(x) = ¢(2x) — ¢(2x —1)

y(x) =1

e

1, 0<x<1/2,
-1 1/2<x<1]
0, otherwise.

Haar Wavelet's properties:

(1) Any function can be the linear combination of

o(x), d(2x), d(2°x),--- #(2“x),--- and their shifting functions

(2) Any function can be the linear combination of constant function,

v(x), w(2x), w(2°x), ---,w(2"x),-- and their shifting functions
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Haar Wavelets

(3) The set of functions {21./2 (I)(Zj X — k); k Z} is an orthonormal

basis.

Proot: [ (@(x)) e = [ 1dx =1 .
_‘i (V2(2x))*dx = j:lz (V2-)%dx=1 =1

jj:o (2]/2¢(2jx))2dx _ J»(;lef (2]_/2 .1)2dx )

for any integer |

k is integer and it is only a translation, it does not affect the
integration.
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1-level Haar Transform

How to do Haar transform:
Assumption: 1D signal f of the length N = 2"

1-level Haar-Transform for  f = (X, X,,...,Xy)

(@t )

where X, +X, XotX X .+ X
alz( 1 2’ 3 4’..., N-1 N)
V22 J2
& Xg—X,  Xyq—Xy

dl
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1-level Haar Transform

Example: f=(9,7,35)
a —(E =)
ﬁ V2
(2 -2,
22

The transformation H, is reversible. That means, /" can be reconstructed
via (a',d")

1
a =(ay,...,ay,)
1
d =(dy,....dy,)
a1+d a, —d, aN/2+dN/2 Ay —d

N/2)

=R m TR %
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1-level Haar Transform

The energy after Haar transform is not changed.

The energy of asignal f = (x,x,,...,x, )Is defined as:
E, =x12 +x22 +---+x]2v

The energy of (a'|d")is

a’ +tay,+dl +o-+dl,

:(xl"'xz)z +(x1—x2)2 _i_m_l_(xjv—l"'xN)2 _|_(xN—l_xN)2
2 2 2 2

=X, + X)X X

:Ef
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1-level Haar Transform

Energy distribution

Example: f=(9,7,3,5), a' =(5. ), d'
E,=(2)+(%)’ =160

E,=(3)+(2) =4
E,+E,=E, =164

=(575)
Energy from a* : 22 = 97.6%

" 164
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Multilevel Haar Transform

2 — level Haar transform will be defined as:
f—25(a®,d?,d")

where

f—4 (a*,d")

al H, 5 (az’dz)

Example: /' =(9,7,3, 5),a1=(71%,%),d1=(725’%)
a’ =12
d* =4
f—>1214] 51
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Multilevel Haar Transform

Example: f=(4,6,10,12,8,6,5,5)

go0 214 200 222
v2 2 y2 2" V2 V272’
a? = (16,12), d? = (=6, 2)
a3:§ a’?’:i
V2 V2

That means

f =" (@|d’|d’|d")
28 4 —2 -2 2

BRI AN AN RN R
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Haar Wavelets

1—level Haar wavelets:

1 1
le y 10101 “10
| (\/— \/— )
0,0, -+,0
( \/— \/— )
1 1
Wi, =(0000, -

Therefore, d* can be represented as :

dlz(jwll,fwzlv--’fW]%//Z)
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Haar Wavelets

2011/1/3

1—level Haar scaling functions :

1 1
1: ] 10101 ..10
Vi (ff )
0,0, --,0
( \/—\/— )
N/2 (OOOO \/E’\/E)

Therefore, a* can be represented as:

Cllz(fvll,fvzlv--!jv]{HZ)

Da-Chuan Cheng, PhD

12



Haar Wavelets

Reconstruction from1- level Haar transform

f= (a1+d a, —d, Ay +dy;, Ay _dNIZ)
J2 o2 J2 J2
Ani2 aN/Z)_l_( d dN/Z dy

f‘f 22N

= (alvll Tt alevzlwz) + (dlwll Tt lez\Nz%//z)
— vall)vll Tt (fv]{fIZ)V]{fIZJ + wall)wll Tt (fW]{,,Z)le\,,%

Y4 Vo
A D!

= A"+ D
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Haar Wavelets

Vll’V211""V;flz’Wll’W;"”’

an N - dimensional space
Vl.l-le. =0, W}-W]l.
| Vil |:| Wz‘l |: 1

W, ,, construct an orthonormal basis in

=0,i#j;, V.-W'=0

They form a new coordinate system.
Example: /' =(4,6,10,12,8,6,5,5)

. (10 22 14 10) dl_(—2 -2 2 0)
V2 N2 2 27 V2 N2 2
Therefore,
22 14 10 2 1 2

10 .,
N AN AN/ A
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Haar Wavelets

Wi [ ]

1.
Wl ]

++++++

71 :
W _"‘I"'-Ta-'"rg ’

++++++

1 .
V _'n"-r I,-"'r 2 '
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Haar Wavelets

For 2-level Haar transform:  a® = (fV?, fVZ,--, V2 ,,)

vi=t 21100000000
2 2 2 2
1111 1111
V2 = 01010101_1_1_1_1°”10101010 “°V2 — 0101010101010101“'1_1_1_1_
> =( 555" ) via = 2222)
and
dzz(fwlzifwzz""’fwszm)
w2 =222 21 0000,-,0000)
2 2 2 2
W2 =(0,000,, %, =L . 0,0,0,0)
2 2 2 2

11 -1-1
W2 — 0101010101010101”'_1_1—1—
N/4 ( 2 2 2 2 )
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Haar Wavelets

Reconstruction from 2 - level Haar transform :

s (a®|d?|dY)
f = A*+D*+D
D' = (SWHW + (W)W, +--+ (fW ) Wy,
D* = (WHWZ+(W2WE +---+ (fW2,)W2,,
A = (fvlz)V12+(fV22)V22+'”+(fvff/4)vz€//4
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