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successive differentiation and stationary points



SUCCESSIVE DIFFERENTIATION
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y- 3]

y=x+x"+x+1

d
A 3x° +2x+1
dx

d* d(d
Z: ( yj= 6x+2
dx dx \ dx

d3y_d dzy B
dx®  dx | dx?

d4y_

dx*



Example 4.22 = % & Hesinax =73 He(derivatives)

f(x)=smax
f'(x)=acosax

f'"(x)=—a’sinax=—a’ f(x)

(=) q" cos ax if nisodd (&%)
f‘(”) (X) = nl/2
(=1)"*a" sin ax if niseven ({H&Y)



Exercises ift 5 i~

: o : 1,3 4 3,2
74. Find all the nonzero derivatives of the function v =3x" +4x" —3x" +x~ —2x+1.

V= 3x° +4xT —3x +x7 —2x+1

¥ =3x5x" +4xd4x’ —3x3x7 +2x -2
=15x* +16x° —9x? +2x-2

V' =15%4x" +16x3x7 —9x 2x +2
= 60x° + 48x” —18x+2

v =60x3x” +48x2x 18

—180x” +96x—18

v =360x+96
) =360



Exercises %F#cS ool A

dy dy d'yv d'y
75. Find = : : ; : :
dx dv- dv° dx

for the function v =Inx.

y=Inx
dy
—=1/x
dx /
2 ! 9 7
{jf : = j (T_l} =—x ~ = —1/1"
2
3 b
fﬁi = i (—x)=2x" = 2/1’3
d*y d




Exercises 5 #icd feid e A

76. Find a general formula for the nth derivative of e




Exercises cos & #Hcerndl 3 g A

77. Find a general formula for the »th derivative of cos2x .
v =C0s2x

y' =-2sin2x

) e —27Cos 2x

3 3 o
vy =427 sin 2x

4 4
y® =42% cos2x

5 5
},( ) — _27sin2x and so on

k) - :

},(w} =(-1)"""2" cos2x when » 1s an even integer (or zero),

Y = (=)D 22" gin 2% when » is an odd integer.
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Maximum 2 3 2t ¥ Minimum #x 4 &

PO RIE, RRBILE HBEAE, RREA

positive gradient | negative gradient

165 3o e (RS

cradient =10
local minimum

cradient = ()

local mazximum
1o i =

¥ = 1{x)

negative gradient | posttive gradient

PERE, #REE  WERLE AR



Inflection point * & 2t

7K K2 i, w2 R0
cradient = ()

point of horizontal inflection

posttive gradient

FER B IE

b4

RER By IE

postive gradient

y = 1x)



The first derivative f’(x) of a function f(x) 1s the rate of
change of the function, or the slope of its graph at point x.

Sl fix) - L) Ror BB a4

S BA ¢ K- BExehAlF o

The second derivative f”(x) 1s the rate of change of slope,
and 1s related to the curvature at x.

Sl T EB () R BRI I, AL AR
~mhxchd (0 AER) -



J A: Maximum point

B: Minimum point

Inflection point

2
@zO andd Z
dx dy
2
@zO andd Z
dx dy
2
d 520
dy

<0

> ()



Example 4-23 Find the stationary points # 45 s 2.

y=3x"—4x’ +1
ﬂ=12x3 —12x* =12x*(x-1)
dx
dy
When x=0andx=1 —=0
dx
e B REH AR -
d2
—36x —24x
dx’ O 1
d2 d3
x=0,y=1 —O——72x 24 =24 %0 57 i ES
dx’ dx’
d2
x=1,y=0 Y =12>0 minimumf&{EE;

dx*



Exercise Find the stationary points #45 s 2.

Find the maximum and minimum values and the points of inflection of the following functions.

L‘1’=.T2—3.T—|—2 —=2x-3
dx

3 . 3 1 dy
when x =3/2 1:[51 —JKE—1=—1 {ﬁ—o
d2

Z:2>O
dx
3 1\ =

AL 5,—1 Ry



Exercise Find the stationary points #45 s 2.

Find the maximum and minimum values and the points of inflection of the following functions.

79. y=x"—7x* +15x-9

y=x —7x> +15x -9

dy 2.
? =3x" —14x+15=(x-3)(3x-5)

X

=0 when x=3 andx=5/3

, >0 when x=3. aminimum point

d-y : .
—=6x—-14 1< 0 when x=5/3. a maximum point

dx”

=0 when x=7/3. apoint of inflection

5/3 7/3



Exercise Find the stationary points #45 s 2.

Find the maximum and minimum values and the points of inflection of the following functions.

80. y=4x"+6x>+3

3 2,
y=4x" +6x" +3

dy _ 2 .
—=12x" +12x =12x(x+1)
dx -
=0 when x=0 and x =1 [ -1 —-1/2 |0
, >0 when x=0, y=3 a minimum point
d7y | . .
—5 =24x+12 (<0 when x=-1 y=5 a maximum point
dx

sz 0 when x=-1/2, y =4 apoint of inflection



Exercise Find the stationary points #45 s 2.

Find the maximum and minimum values and the points of inflection of the following functions.

8l. yv=xe

-

y=xe
dv _
—=(l-x)e " =0 when x=1
dx

2 ' . -1 ) )
d-y (2 x)e <0 when x=1 y=e a maximum point

—=—(2—-x)e

2 -2 . - :
dx =0 when x=2, y=2¢ -~ apoint of inflection




Exercise Find the stationary points #45 s 2.

Find the maximum and minimum values and the points of inflection of the following functions.

82. y=x —T7x>+16x—-10

y=x —7x" +16x-10

D _ 32 _14x+16= (3x—8)(x-2)
dx
=0 when x=8/3 and x =2
d?y =+2>0 when x=8/3 a minimum point

~ —6x—14

-
s

dx =-2<0 when x=2 a maximum point




