Department of Construction Engineering FELHtEH
Chaoyang University of Technology -- Simple Primary Consolidation--.

UNIT 2

ANALYSIS OF TIME RATES OF PRIMARY CONSOLIDATION
FOR THE SIMPLEST CASE

Prepared by Dr. Roy E. Olson on Spring 1989
Modified by Jiunnren Lai on Fall 2002

2.1 Introduction
In the context of this set of notes, the "simplest case" involves the following requirements:

deformation occurs only in the vertical direction,

water flow occurs in only the vertical direction,

water flows in accord with Darcy's law,

strains are small,

all soil properties are constant,

the soil is linearly elastic,

the soil is homogeneous,

the only resistance to volume change is hydrodynamic,

) the soil is saturated,

10.  the pore water and soil grains are incompressible,

11.  the soil is loaded instantaneously at time zero and the load does not vary with time,
12.  the two horizontal boundaries are either freely draining or impervious.

00O NO LA W

There are no known cases in the real world where these assumptions are all satisfied but the
resulting theory is commonly used in engineering practice because of its simplicity. From
our point of view, this simplified theory is a logical place to begin the development of the
more general solutions which will be examined later.

In this set of notes we will derive the governing differential equation and solve it for the case
listed above.

2.2 Derivation of Differential Equation

The derivation of the differential equation governing this problem utilizes a differential
element of soil as shown in Fig. 2.1. The z axis is directed positively downwards. The
area of element perpendicular to the z axis is dA. The time rate of decrease in volume, dV,
is the difference between the rate of outflow, qout, and inflow, qin:

adv o
at qout qln (az) ( )
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Fig. 2.1 Differential Element used in Developing the
Equations for One-Dimensional Consolidation

The flow rate, q, is given by Darcy's law (assumption 3), which can be written in terms of
excess pore water pressures as:

q= —LZ—U dA (2.2)
Vu 02

where vy is the unit weight of water and U is the excess pore water pressure given by:

U=u-u (2.3)

S

where u is the total pore water pressure and ug is the static pore water pressure given by:
U =70 (Z = Zyr) (2.4)

where z is the depth to the element measured from the ground surface and z,, is the depth to
the water table.

Equation 2.2 is inserted into Eq. 2.1:

_odv _of_ kUi (2.5)
ot oz\ vy, oz

We assume k is independent of z (assumption 7) and replace dA dz with dV:
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odVv k o*u
==V (2.6)
ot y, 0z

The decrease in volume occurs only by expulsion of pore water (voids):

adv)  d(dVy)

ot T ot (2.7)

with dVy the volume of voids and the minus sign is used to satisfy our sign convention (dV is

positive for a decrease in volume). We will choose to use void ratios (e) at this point and
note that:

dVy= 7o dV 2.8)

and also that the volume of solids, dVj, is:

1

dVs= 772 dV (2.9)

No solids enter or leave the element so dVy is independent of time. Thus:

e
o@v)  Mxe V) sedvy)  ge
ot o ot T ot =- (g )dVs
de  dv
=-(3t ) T+e (2.10)
Equations 6 and 10 are equated, and dV canceled:
2
k(l+e)ou _ce (2.11)

v, 070 ot

We need to reduce the dependent variables (u and e) to a single variable, and we choose u.
First, define:

a, =% 2.12)
do

where ay is the coefficient of compressibility, and note that ay is the slope of a stress (o)-
strain (Ae) curve. Thus, a constant ay (assumption 5) means that the soil is linearly elastic
(assumption 6). From the definition of effective stress:

F=0-u (2.13)

it follows that:
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do =do—du (2.14)
Thus:
®__ Vﬁ_o__av(a_“_ﬁ_“ (2.15)
ot ot o ot
c
We assume that the total stress is independent of time (assumption 11) so Pl 0.
: .. Jdo . :
Equation 2.15, with ot removed, is inserted into Eq. 2.11:
_ 2
U _k1+e)oT (2.16)

ot a,y, 07

Equation 2.16 is the desired differential equation. However, to simplify writing we use:

ou ou
E = Cv E (217)

where cy is termed the coefficient of consolidation:

c - k(1+e)

’ 2.18
a7 (219

Equation 17 is called Terzaghi's differential equation (Terzaghi, 1923, 1925).

Note that we could have solved for e or o instead of u, and could have used linear strain (g) in
place of void ratio.

2.3 Solution of the Differential Equation of Consolidation

Equation 2.17 is a common equation in science and engineering. It governs temperature (T
in place of u) in bodies undergoing non-steady heat flow (cy becomes the coefficient of
thermal diffusivity). It governs the flow of electricity in conductors, diffusion of solutes
into solvents, and other phenomena. The solution is found in essentially all texts on partial
differential equations, and many texts in differential equations and advanced calculus.

Several types of solutions can be derived which have different appearances but yield the
same answers. The solution generally used is obtained by assuming that the pore water

pressure, u(z,t) can be expressed as the multiple of two functions, one involving only depth
and one involving only time:

u(z,t) = F(2)G(t) (2.19)
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This assumption seems like a reasonable one because the governing differential equations
involve partial derivatives, implying a separate variation of u with respect to depth and time
and making it unlikely that there is a coupling term (one involving both z and t). To save on
space we will use U in place of the more generally used U(z,t).

Equation 2.19 is inserted into Eq. 2.17 and the terms factored to obtain:

F(z) _ GO
Fo) = oGO (2.20)

where the single and double primes indicate the first and second derivatives of the function
with respect to the variable inside the parenthesis.

The left side of Eq. 2.20 is a function only of position and the right side is a function only of
time. Because the two are equal it follows that neither can depend on either position or time.
Thus, solutions can be obtained by setting the sides equal to a constant, solving the resulting
differential equations for the two functions and inserting them into Eq. 2.19. The constant is
taken, for later convenience, as -A2.

The left side of Eq. 2.20 is set equal to -A2 and is solved to obtain:

F(z) = Cicos(Az) + Cpsin(Az) (2.21)
Solution of the right side of Eq. 2.20 yields:

G(t) = Czexp (-A2cyt) (2.22)
Equations 2.21 and 2.22 are then inserted into Eq. 2.19 to obtain:

U = (Cycos Az + Cssin Az)exp (-A2cyt) (2.23)

Equation 2.23 is a general solution to Eq. 2.17 (remember that Eq. 2.17 is valid only for
conditions satisfying the assumptions listed earlier). We must now define the conditions of
a particular problem which we wish to solve. We will choose to analyze pore water
pressures in a single layer, of thickness 2H, with top and bottom boundaries freely draining.
We will define the z axis as positive downwards starting at the top surface. Thus, there are
two boundary conditions:

a(0,t)=0 (2.24a)

U(2H,t)=0 (2.24b)

where (0,t) means at depth zero and at all times, and (2H,t) means depth 2H and all t. In
addition, we need to know the initial variation of excess pore water pressure with respect to
depth, i.e., the initial condition. For an areal fill applied instantly to a saturated soil, the
initial excess pore water pressure, U(z,0), is independent of depth and equals the applied

stress (Appendix A):
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U(z,0)=T, (2.24¢)

We now have three conditions and three unknowns.

The first boundary condition is satisfied if C4 is zero. Thus, Eq. 2.23 reduces to:
U = (Cs sin Az) exp (-AZcyt) (2.25)

The second boundary condition is satisfied if sin(Az) is zero, meaning that the argument can
have values o, xm, 27, +37, .... when z = 2H. We will not take up space to prove it, but a
valid solution can be obtained using all values of n from -co to +co or using just positive
values. We will simplify the analysis by using only positive values. Thus:

A2H=nn
nn
or: A=75H9 (2.26)
Equation 2.26 is inserted into Eq. 2.25 to obtain:
B . nnz -n?n2 cyt
U =Cssin(5g Jexp (F ) (2.27)
To simplify writing we choose to define a dimensionless term T as:
cyt
T= o2 (2.28)
and call T the time factor. Thus:
22
_ . npz -nen=T
U =GCssin(y Jexp(Ty ) (2.29)

If Eq. 2.29 yields U (2H,t) = 0 for each and every value of n, then we can sum terms for all
values of n and still satisfy the boundary condition (the sum of terms, each of which is zero,
is also zero):

e8]

_ . nnz -n?n2T

u = Cn sin (Gep)exp(— 4 ) (2.30)
n=0

We have thus preserved all possible terms (we cannot arbitrarily drop some terms and then
expect to get the correct solution). At this time we have no idea of what value, or values, Cs

will have so we write it as C,, on the assumption that it may depend on n.
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The initial condition now requires that U = U ;if we insert T = 0 into Equation 30:
e}
- . nnz
uj= Cn sin (5g7) (2.31)
n=0

Equation 2.31 is recognized as a Fourier sine series (Appendix B).

For the simple problem under consideration the Fourier coefficients are given by:

1°F . (nm
= ! Us ( j (2.32)
Equation 2.32 is substituted into Eq. 2.30 to obtain
=1 1% (nm . Nnz n’z’
U= ) |— |Usin| — |dz [sin(—)exp| — T 2.33
;{HO' (2Hj } SR p( 4 ] (2:33)

Integration yields:

U= 22—2 1- cos(nﬂ)]sm(—H) exp( nzfz Tj (2.34)

The term (1 - cos nm) has a value of two when n is odd and zero when n is even. Thus, the
equation exists only for odd values of n. Let n be replaced by another integer m such that
all values of m between zero and infinity yield solutions, i.e., let n = 2m + 1 where m =0, 1,
2....

M=52m+1) =5 (2.35)

NI?—I

Substitution of Eq. 2.35 into Eq. 2.34 yields:

o0
_ 2uj Mz )
u = M SinCg) exp(-M<T) (2.36)
m=0

Equation 2.36 is the desired solution.
Equation 36 can be solved to obtain the distribution of the excess pore water pressure as a

function of depth for various values of the time factor but a more useful solution is obtained
in terms of the average degree of consolidation, which is considered next.
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Degree of Consolidation

It is useful to define a dimensionless parameter to represent the fraction of the ultimate
consolidation that has been completed. If a linear relationship between void ratio and
effective stress is assumed for the range under consideration, then the degree of
consolidation, U(z,t), at the depth and time under consideration can be defined as:

_ 0-0 _G-U_S°°
U(zt) = 5 5 o e-e (2.37)

where the subscripts i and f indicate initial and final conditions and the lack of a subscript
indicates an intermediate condition. The differential equation of consolidation was solved
in terms of excess pore water pressures; thus, it is convenient to use excess pore water
pressures in evaluating the degree of consolidation.

Substitution of Eq. 2.36 into Eq. 2.37 then yields:

U(zt)=1- Z(ﬁ)sin(%)exp(-MzT) (2.38)
m=0

In engineering practice it is usually of interest to know the average degree of consolidation
for the entire stratum. The average degree of consolidation, U, is determined by
integration:

U=t 0 (2.39)

Substitution of Eq. 2.36 into Eq. 2.39 and integration yields:

o0
2
U=1- Z M2 exp(-M2T) (2.40)
m=(

Because of the fact that U is a single valued function of T, Equation 2.40 need be solved only
once and the results tabulated for general reference. The numerical relationship between T
and U is presented in Table 2.1.

Fox (1948) used LaPlace transformations to demonstrate that an accurate approximation of
Eq. 2.40 for small values of T would have the form:

T=7, U2 (2.41)

3
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Table 2.1 -  Time Factors for a Rectangular Stress Surface* and Double Drainage
Ul(t), % T Ul(t), % T
0 0.000 55 239
5 002 60 286
10 008 65 340
15 018 70 403
20 031 75 477
25 049 80 567
30 071 85 684
35 096 90 848
40 126 95 1.129
45 159 99 1.781
50 197 100 0

* Terzaghi (Terzaghi and Frohlich, 1936) used the word lastflache to denote the initial
distribution of excess pore water pressure. I have translated that word as stress surface.

He demonstrated that the difference between U calculated using Egs. 2.40 and 2.41 was only
0.0002% for T = 0.1 and 0.82% for T = 0.3 (U = 60%). Thus, Eq. 2.41 can be used to
calculate the T-U relationship for all values of U less than 60% with an error of less than one
percent.

Evaluation of Eq. 2.40 will demonstrate that the series converges rapidly for large values of T
(only one or two terms are needed for high values of T) but that the number of terms required
to achieve some specified accuracy increases rapidly as T decreases. Thus, Eq. 2.41 is
useful at small values of T and Eq. 2.40 is useful for the larger values, say T greater than 0.3.

Isochrones

The degree to which consolidation has taken place within a clay layer at various times is
conveniently depicted using curves of u/uj versus z/2H for various values of time. Such
curves are termed isochrones. Isochrones for the rectangular stress surface and double
drainage are shown in Figure 2.2.

The isochrones are symmetrical about the mid-depth of the doubly drained layer. Hence,
the hydraulic gradient is zero at the mid-depth for all degrees of consolidation and no water
flows across this plane during any stage of consolidation. An impervious membrane could
be inserted in the layer at this depth without influencing the progress of consolidation. Thus,
the theory of consolidation, as derived in this chapter for a rectangular stress surface, can be
applied directly to a singly drained layer with the definition that the thickness of the singly
drained layer is H, not 2H. If desired, the consolidation equations could be rederived with
the second boundary condition replaced by du(H,t)/0z = 0. The revised derivation leads to
exactly the same equations as those presented previously for the doubly drained layer of
thickness 2H.
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Fia. 2.2 Isochrones for Rectanqular Stress Surface, Double Drainage

Time Rate of Settlement

The change of void ratio, Ae, of a differential element of soil within a consolidating layer can
be expressed in terms of either the change in thickness of the differential element, dS, or the
change in pore water pressure, Au. Thus:

ayAu
Jds =- |75 dz (2.42)

As for previous analyses, the void ratio and coefficient of compressibility are assumed to be
independent of depth. Equation 42 is integrated to obtain the settlement at any time t:

S=

a 2H
v U —u)dz 2.43
1+e-!..(' ) (2.43)

Apparently, the ultimate settlement is:

Su=

2H

a

Y | U.dz 2.44
1+e£' (2.44)
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If Eq. 2.43 is divided by Eq. 2.44, the right side is seen to be exactly equal to the average
degree of consolidation (Eq. 2.39). Thus:

S=S,U (2.45)

As an example of the calculation of the time-settlement curve, consideration is again given to
the case of the 30-foot thick doubly drained clay layer overlain by ten feet of sand and loaded
with ten feet of compacted fill. The calculated ultimate settlement was 21.2 inches. The
coefficient of consolidation of the clay is 5x10-4 cm2/sec (4.65x10-2 ft2/day). Equation 28
is rearranged to yield:

TH2 152
t(days) = =~ = goges T =4840T

When consolidation is 50-percent completed the settlement is (0.50) (21.2) = 10.6 inches and
the time is (4840) (0.197) = 955 days. Other points are obtained in a similar manner.
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Appendix A

DERIVATION OF EQUATION FOR
INITIAL EXCESS PORE WATER PRESSURE

A differential element of soil is considered which is subjected to an instantaneous increase in
vertical total stress under conditions of zero lateral strain and zero lateral drainage. The
element consists of pore water, and a skeleton of soil particles which transmits the effective
stress. When the element is subjected to an increase in total stress, a volume change must
occur, even though there has been no time for drainage, because all materials have finite
compressibilities. The solid mineral matter is so much less compressible than the pore
water, however, that compression of the mineral matter can be ignored. Hence, any changes
in volume of the element, at the instant of loading and before any drainage can occur, must
result from a change in the volume of the pore water.

The compressibility of any substance may be defined using the equation:

dv/V
C=- "4 (A1)

where dV is the change in volume resulting from the application of a pressure
increment dp to a volume V, and C is the coefficient of compressibility. If the total volume

e
of the differential element of saturated soil is V, then the volume of pore water is T+e V,

and the change in volume of water, dV,y, resulting from a change in pore water pressure, du,
must be:

e

dVw=-Cw (7o V) du (A.2)

where Cyy is the coefficient of compressibility of the water.

The change in volume of the element of soil represents not only a compression of the pore
water but also a compression of the soil skeleton. The compressibility of the soil skeleton is
defined using the equation:

a, =—de/do (A.3)

The change in volume of the soil skeleton is then:

v =2 vds (A4)
I+e

The change in volume of the soil skeleton is equal to the total change in volume of the

element which is equal to the change in volume of the water. Thus Egs. A.2 and A.4 may
be equated and rearranged to yield:
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_ ¢C,e
do =—""du (A.5)
a

Terzaghi's effective-stress equation may be written:
do=do—du (A.6)
Equation A.6 is substituted in Equation A.5 to obtain:

du 1
4 ce (A7)
o 14w
a

Vv

Equation A.7 is of the same form as that derived by Skempton (1954) and yields exactly the
same conclusions. The coefficient of compressibility of water is about 3.4 x 10-6 psi-1.
Insertion of typical values for the void ratio and coefficient of compressibility of the soil lead
to a value of du/ds of about 0.999. Thus, under the loading conditions assumed here,
essentially all of the applied stress is taken by the pore water.

The foregoing statement is restricted to the case of saturated soil of normal compressibility
subjected to a uniform load under conditions of no lateral strain.
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Appendix B

EVALUATION OF THE COEFFICIENTS IN A FOURIER SERIES
Introduction

Fourier series are discussed in textbooks on advanced calculus. Such books should be
consulted for a more thorough discussion of the topic. For the solution of problems
involving one dimensional consolidation of saturated soils, following Terzaghi's assumptions,
the discussion can be simplified greatly. In this set of notes the attempt is made to provide a
sufficient amount of information so that one can solve one dimensional consolidation
problems but no more. The mathematics is presented in logical order but largely without
explanation.

Conversions Between Trigonometric and Exponential Forms

Let z represent a complex variable given by:
z=x+1iy (B.1)

Exponential and trigonometric forms of the complex variable can be evaluated using infinite
series as follows:

z2 73 z4

er=1+z+ 7 3r tay t (B.2)
z3 z5

sinz=z- 37 + 5 - (B.3)
z2 z4

cosz=1-7 + 75 - (B.4)

A comparison of the series demonstrates that:

elZ=cosz+isinz (B.5)
and:

elZ=cosz-isinz (B.6)

Simultaneous solution of Equations B.5 and B.6 yields:

1 . .
sinz = 5 (e'Z - e712) (B.7)
and:

1 . .
cosz= 5 (e +e?) (B.8)

25 2008/3/5



Department of Construction Engineering FELHtEH
Chaoyang University of Technology -- Simple Primary Consolidation--.

Even and Odd Functions

In the discussion to follow it will be convenient to use the terms "even" and "odd" in
describing functions. If the independent variable is x and f(x) is some function of x, then
the function is described as even if:

£(-x) = £(x) (B.9)
and odd if:
f(-x) = -f(x) (B.10)

Substitution will demonstrate that cos(x) and x", where n is an even integer, are even
junctions and sin x and x™, where n is an odd integer, are odd functions.

A function, g(x), may be neither odd nor even, e.g., g(x) might be 1 + sin x + cos x. It may

be convenient to divide g(x) into an even function and an odd function. This may
accomplished as follows:

1 1
g(x) =5 {g(x) + g(-x) } + 5 {8(%) - g(-x) } (B.11)

The first term on the right side is apparently even and the second is odd.
In some consolidation problems one encounters functions that are "even harmonic" or " odd
harmonic." If the function has a period of p, and L = 0.5p, then an even harmonic function
is one satisfying:

f(x + L) =£(x) (B.12)
and an odd harmonic function satisfies:

f(x + L) = -£(x) (B.13)

Periods of Functions

If a function f(x) is periodic, then the period p is given by:
f(x +p) = f(x) (B.14)

Further, if a function has a period p it also has a period np where n is an integer ranging from
minus infinity to plus infinity.

In developing equations for the evaluation of the coefficients in Fourier series, it is
convenient to integrate functions to find average values. In this respect, the following
equations are taken as self evident:

atp P 1 at+tnp 1 P
ff(x) dx = ff(x) dx =, f f(x)dx = ff(x)dx (B.15)
a 0 a 0

where "a" is any value of x and p is the period.
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In performing integrations involving exponential, sine, and cosine terms, it is necessary to
determine the periods of the functions. The period of the function sin(k x) is found as
follows:

sin (kox) = sin [ko(x+p)] = sin (kox + 27)
kox + kop = kox + 2n

2n
P= Yo (B.16)
The period of cos(kwx) is also given by Eq. B.16. Further, an exponential function exp
(ikox) may be expressed in terms of sines and cosines using Egs. B.5 and B.6. Since the
sines and cosines have the same peroid, by Egs. B.5 and B.6 the period of the exponential
function is also given by Eq. B.16.

Definition of a Fourier Series

The Fourier series is given by the equation:
f(x) = ap + a1 cos(wx) + by sin(lwx) + ap cos(2mx) + by sin(2mwx) +

=ap+ Y [apcos(nwx) + bpsin(nox)] (B.17)

n=1

Average Values of Functions

When Equation B.17 is encountered in consolidation problems, f(x) is a known function and
the problem is to determine the values of the coefficients a,, a,, and b,. They can be

evaluated by a straight-forward process of integration but it conserves work and time to
develop a set of rules first and then apply these rules to the evaluation of the coefficients.
The rules follow:

Rule 1 - We wish to determine the average value, f(x), of sin(kwx) and cos (kwx) over one
period p. The average of the sine is:

f 1? in(kox)d L costken) © =0
= n = - L =
(x) pJ i (kox)dx pkw cos(kwx) |
0 0
Similarly, the average of the cosine function is found to be zero. These average values
could, of course, have been written down just by inspection of the shape of the sine or cosine

function. Thus, rule one becomes:

For ke > 0, and p = 2n/k, the average value of cos(kmx) or sin (kox) for the range in x
from 0 to p, is zero.
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Rule 2 - We now wish to determine the average value of a function that is either the sine or
cosine of kwx times either the sine or cosine of nwx, where k and n are 1, 2, 3, ... The
common period is 2m/®w. As an example of the calculation, use sin (kmx)cos(nwx):

1
sin(kwx) = 57 [eikox - e-ikox]
cos(nwx) =1/2[einwx + e-inwx]

1 . . :
sin(kox)cos(nox) = 77 [elox(ntk) _elox(n-k) _e-iox(ntk)

+ e-i(ox(n—k)]

Let 1=n+k and m=n-k
_ 1T |
SIH(kwx)Cos(nmx) = E [ell(DX _e-ll(DX -elmmx +e-1m(})X]

Substitute:  eilox e-ilox = 2j sin (1wx)
eiMmok _e-imox = i sin (mwx)
sin(kox)cos(nwx) =1/2 sin(lmx)-1/2 sin(mwx)

By Rule 1 the average value of the two sine terms for a range of one period is zero. Thus
the average value of sin(kwx) cos(nwx) is zero. Similar derivations may be used to evaluate
the multiple of sin(kwx)sin(nwx) and cos(kwx)cos(nwx). In these cases it is found that the
answer depends on whether n and k are the same or different. The results of the calculations
are:

Rule 2a - For k, n, and o greater than zero, the average of sin(kwx) cos(nwx) or
cos(kax)sin(nwx), for the interval O, p, is zero, regardless of whether or not n and k are
equal.

Rule 2b - For k and n greater than zero and equal, and o greater than zero, the average
of the functions sin? (kax) or cos? (kwx) for the interval 0,p is 1/2.

Rule 2¢ - For k and n greater than zero and unequal, and w greater than zero, the
average of sin(kwx)sin(nwx) or cos(nwx), for the interval 0,p is zero.

Application of Rules to Fourier Series

We now return to the Fourier series, Equation B.17. The average value of the series, f(x),
may be determined by term-by-term integration:
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f—lpfd—lp d+1]p d+lpb' d
(x) pf (x)dx P f Aodx + 3 f ajcos(wx)dx D f 1sin(wx)dx
e} o o o

+lp 2wx)dx +
P fazcos( ox)dx + ...
0

However, the average value of the constant a, is itself and the average values of the sine and
cosine terms are all zero by Rule 1. Thus the series may be written:

? f(x) dx (B.18)
O

If f(x) is known, Eq. B.18 may be used to evaluate the constant a, in the Fourier series.

Suppose, now, that Eq. B.17 is multiplied by cos(kwx) and averaged over the period p. We
obtain:

1 1 1
E f(x)cos(kmx)=5? apcos(kox)dx + E ?‘ a1 cos(wx)cos(kmx)dx

o “—O

o o

1p .
+ b f bisin(wx)cos(kwx) dx + . . .

(¢}

However, by Rule 1:

1B kox) dx =0
P f ao cos(kwx) dx =
0
By Rule 2a:
1P
E f ap cos(nwx) cos(kwx) dx =0 n#k
0
By Rule 2b:
1P
E f an cos(nwx) cos(kox) dx =1/2 ap n=k
0
By Rule 2c:
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- N _
b f bp sin(nwx) cos(kwx) dx =0

o

Thus, among the infinite number of terms on the right side of Equation B.17, only one has a
value other than zero. We solve for a, to obtain:

f(x) cos nox dx (B.19)

(o)

=}

|
oIN
o “—'o

Similarly, Eq. B.17 may be multiplied by sin(n x) and averaged to obtain an equation for
the coefficients of the sine terms. Again only one term is non-zero and we obtain:

by = f(x) sin nox dx (B.20)

o N
o —o

Equations B.18-B.20 are used to evaluate the coefficients in the Fourier series, Eq. B.17.
The function f(x) must be known. Further, f(x) must be single valued, except at points of
discontinuity, and have arcs of finite length. Waves satisfying these requirements are shown
in Fig. B.1. The wave in Fig. B.1a apparently is an odd function whereas the one in Fig.
B.1b is an even function.

A X

Fig. B.1A Odd Periodic Function

A f®

; AN
NS

Fig. B.1B Even Periodic Function
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Application to Non-Periodic Functions

The function f(x) need not actually be periodic. It may be represented by a Fourier series in
some range a < x < at+p. The series representation will have values outside of this range but
such values may be irrelevant to the real physical problem.

Application to Periodic Functions

In determining the values for the coefficients in a Fourier series it would be convenient if we
could determine by inspection which coefficients are zero and which are finite. From
Equation 18 it is apparent that the coefficient a, must be zero if the average value of the
function through one period is zero. Thus a, is zero for the odd wave of Fig. B.1a and finite
for the even wave of Fig. B.1b. In fact, it is apparent that a, must always be zero for an odd
function.

If f(x) is an even function then the multiple f(x)cos(nwx) (Equation B.19) is an even function
(the multiple of two even functions is another even function) and at least one of the
coefficients an will exist. Only one coefficient would exist if f(x) = cos X, and in this case it
would be given by a; = 1 and ® = 1. The coefficients a, can be found by integrating
Equation B.19. However, we can replace f(x) cos nwx with g(x) and note that g(x) is an
even function. Thus:

P +L 0 +L
f f(x)cos(nwx)dx = f g(x)dx = f g(x)dx + f g(x)dx
0 -L -L 0

where L is half of the period. For an even function (Equation B.9) for every value g(x)
there is an equal value at -x so:

0 +L
f g(x)dx = f g(x)dx (B.21)
-L 0

Thus, we can simplify integration to:

2 +L
an= T f f(x)cos(nwx)dx (B.22)
0

Since sin(nwx) is an odd function, the multiple of f(x)sin(nwx) is the multiple of an even and
an odd function and will therefore be an odd function, and will yield zero when integrated
over one period. Thus, none of the coefficients b, (Equation B.20) will be non-zero.

If f(x) is an odd function then f(x)cos(nwx) is odd and its integral is zero so no cosine terms
exist. However, f(x)sin(nmx) is an even function so Equation B.21 is reapplied and:

31 2008/3/5



Department of Construction Engineering FELHtEH

Chaoyang University of Technology -- Simple Primary Consolidation--.
2 L
bn=71 f f(x)sin(nwx)dx (B.23)
o

Accuracy of Fourier Series

It may be noted that the function f(x') actually defined by a Fourier series approaches the
function f(x) as the number of terms in the series approaches infinity, except at points of
discontinuity. At such points the function f(x') equals the average value f(x) at the point of
discontinuity, where f(x) is double valued. Further, F(x') overshoots f(x) by about 18% in a
zone on each side of the discontinuity. However, as the number of terms increases the
thickness of the zone of overshoot decreases and a sufficient number of terms can be used to
ensure that an insignificant error results form the overshoot.
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